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Abstract— SAT (Boolean satisfiability) has become the simple techniques - the pure literal rtiend boolean
primary Boolean reasoning engine for many EDA (elec- constraint propagatién
tronic design automation) applications, so the efficiencyfo Subsequent research on improving the perfor-
SAT-solving is of great practical importance. B-cubing is mance of SAT solvers has been mostly focused on

our extension and generalization of Goldberg et al.’s super . . .. .
cubing, an approach to pruning in SAT-solving completely improving decision heuristics [8], [9], [10], search-

different from the standard approach used in leading SPace pruning tec_hniques [11], [12], [13]|_and effi-
solvers. We have built a B-cubing-based solver that is cient implementation [14], [15]. Our focus is on the

competitive with, and often outperforms, leading conven- search-space pruning aspect.
tional solvers (e.g., ZChaff II)_ on a wide range of EDA A number of pruning techniques have been pro-
benchmarks. However, B-cubing is hard to understand, posed so far. Many have proven to be too expensive

and even the correctness of the algorithm is not obvious. .
This paper presents the theoretical basis for B-cubing, to be used during the search phase, but can be

proves our approach correct, details our implementation _eff|C|ent during preprocessing. The pure literal rule

and experimental results, and maps out other correct IS one example. Other examples include hyper-
possibilities for further improving SAT-solving. resolution [16] and equivalence reasoning [17], [18],

Index Terms— SAT, Boolean Satisfiability, Search Space [19]. i
Pruning All SAT-solvers, in one way or another, detect
what are known asonflicts A conflict occurs when
it is deduced that the current assignment cannot be
|. BACKGROUND extended into a satisfying one. When a conflict is

SAT (Boolean satisfiability) has become the prpetect_ed, the solver finds the reason for the conflict
mary Boolean reasoning engine for many EpANd tries to resolve it. The simplest method is to
(electronic design automation) applications, e_d)_acktra(_:k to thg last case-split (decision) and try an
SAT-based model checking (bounded [1] and uﬁjternatlve assignment. A more _elaborate method,
bounded [2]), FPGA routing [3], ATPG [4], andnamed conflict-directed backtrackindCDB) [11],
simulation testcase generation [5]. Such industrigl ©© analyze the conflict and backtrack to the
applications typically require complete SAT solverdariable that is actually responsible for the conflict.
meaning that the solver must be capable of provih§garning is closely coupled with CDB. Different
the problem satisfiable or unsatisfiable. In practiceO!vers feature different learning strategies. One
the SAT solver is usually the capacity limiter of thé1ing in common is that learned clauses correspond

tool, so the efficiency of SAT solving is of greaf© different cuts in the implication graph — a di-
practical importance. rected graph describing logical dependencies among

The DPLL algorithm [6], [7] is the core of mostassigned literals. For a more extensive introduction

modern, complete SAT solvers. It is essentially ‘80 CDB and learning, and an exhaustive list of

depth-first-search with some search-space prunfiggerences, the reader is referred to [20]. _

techniques. The original paper [6] introduced two earning epr0|ts_ only a fraction of qurmatlon
inferable from conflicts. Learned clauses in general
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contain a couple hundred literals. The average size Ob“gaﬁonsoé  Certificate

depends on the specifics of the problem that is being
solved and the overall implementation and dynamics
of the solver. Once the conflict is found and a new
clause is learned there are no guarantees that the
clause will actually be useful later. According to our
experiments, a small percentage of clauses ends up
being used frequently, while the others just increas@. 1. A SAT-solver works by case-splitting. Informatiaror the
the memory requirements and slow down the cofid suPtree can be used in the right subtree.

of the solver.

Recently, Goldberg, Prasad, and Brayton intro-

o . new pruning technique, B-cubing (so named
duced a theory that unifies many pruning tech ) -
niques [21], [22]. The proposed theoretical framg_ecause the method goes "beyond cubing), that

work can be used as a basis for the developm(g%nera_lizes supercubing. The preliminary imple-
of new pruning techniques. In the same paper, t entation produced excellent results on numerous

authors proposed supereubing, as an example BECTTEC 20 E0 B 1o oL e
the application of the theory. Their solver was g 9 9

proof-of-concept, and although supercubing reduc gpression tests). We did not, however, have a solid
the number of decisions, no actual speedup mal understanding of the approach, nor a proof
reported. Our follow-on work [23] pointed out thaf correctness. A subsequent workshop paper [26]

supercubing is not readily compatible with 1_U|F|;)resent¢=:d a theoretical justification for B-cubing.

learning and proposed an alternative backtrackin -Il_héls. pat;;]er IS a un:fled ptrets_entatlodn of B-_cublntg,l
scheme to integrate the two techniques, there uding theory, impiementation, and experimenta

demonstrating the first supercubing-based soly&sults. We start with a theoretical foundation for B-

to be performance-competitive with standard SA(?Ubing’ calledobligation-certification treegOCT),
solvers which provides a very general way to understand

Nadel [24] observed that valuable pruning ir]glifferent pruning techniques. Using this theory, we

formation can be obtained from analyzing the s&fn expLaln B'CltJb\'/Ug trrr:ore clela_rly anql prlove tt:e
of decision literals that participated in previouéfIoloroac correct. e thén expiain our impiementa-

conflicts. His solver, Jerusat, keeps what we cz%g)n of an efficient solver based on the B-cubing

certificates(clauses that correspond to decision cu eotr_y. Féperlwentil re_?ults i?n athWId?‘f ratnge of
in implication graph) from previous conflicts andractical benchmark suites show the €eliectiveness

analyzes them when a new decision is need B-cubing: competitive performance with state-of-
As with supercubing, the goal is to extract an e-art solvers, with different strengths and weak-

exploit pruning information that is valid only |o-NESSES, and based on a very different approach.

cally in the search tree. The advantage of Jerusaﬁ‘gany’ we note that our implementation is only

approach is that much more pruning information ghe of many CoIect ways to exploit the pruning

retained. However, such an approach requires tJ&f)ormation derived from B-cubing; exploring other

much memory, so Jerusat keeps certificates o Efys to use this information is likely a fertile area
' r

for a certain number of decision levels. When [P" future work.

backtracks out of that window, the certificates are

discarded. This approach has several drawbacks. [I. THEORETICAL FRAMEWORK

First, certificates suffer from the same problems (%? Intuitive Overview

1-UIP learned clauses as they have relatively |

pruning information content. Second, pruning can A SAT solver works by case-splitting: it assigns

be much more effective close to the root of tha value to a variable, checks to see if the result-

search tree and therefore discarding certificates tiad subproblem is satisfiable, and if not, tries the

are “out of the window” can miss the best pruningther assignment. This case-splitting naturally cor-

opportunities. responds to a search tree that considers all possible
In a recent conference paper [25], we proposedsignments to the variables (Fig. 1).




Key to efficient SAT solving is to derive infor-assignment exists. The set of partial assignments
mation about the problem that can be used to pruie. cubes) checked during this process will form
the search tree. For example, conflict-directed leam-binary search tree. We formalize this notion as
ing entails finding a set of literals that guarantedsliows.
unsatisfiability. This set can be used throughout theDefinition 1 (search tree)Given variablesV, a
search tree, so that the solver never tries to mas@arch treg(over V) is a rooted binary tre& with
the exact same assignment again. the following properties. Each non-leaf nodeof

Supercubing [21], [22], JeruSAT [24], and B- is labeled with a variablear(u) € V, and on
Cubing [25] all seek to exploit additional pruningany path from the root to a leaf, eaehe V may
information that is valid only in a local part ofappear at most once. Each non-leaf has exactly two
the search tree. The advantage of keeping sogtgéldren, and the outgoing edges are labeled With
pruning information local to a node is that the solveand 1.
can perform pruning that is only applicable locally The O-child (resp. 1-child) of a node is the node
(or, alternatively, that the solver need not store tiieund by following the outgoing edges labeled O
context information to determine exactly when th@gesp. 1). The root node of search tiEas denoted
pruning information is usable, since the context ioot(7"). It follows from Def. 1 that any subtree
implicit in the search tree). Furthermore, the prunir@f a search tree is also a search tree. For a node
information can be discarded when it is no longer in a search tree, the-subtreeis the maximal
needed. subtree rooted ai. With each node:, we associate

To formalize this concept, we develop a framed cubecube(u) defined recursively as follows. If
work where a node in the search tree inherits from= root(T), thencube(u) = 1. Otherwise, let.’
its parent the obligation to prove a part of the searéle the parent of.. If u is the O-child of’, then
space unsatisfiable. When it is done, it will returaube(u) = cube(u’) A —var(u’), else cube(u) =
to its parent a certificate that a (possibly larger) patibe(u’) A var(v’). Without loss of generality, we
of the search space was indeed unsatisfiable. Nagsume that SAT algorithms always visit the 0-child
pruning opportunities arise at the node, because ®fea node before the 1-child; obviously, an actual
certificates returned from exploring one branch camplementation could choose to visit the children in
be combined with the obligations inherited frongither order, with the corresponding modifications to
above to be used in pruning the other branch. the theory.

C. Obligation-Certification Trees

Let f be an unsatisfiable boolean formula over

Let V be a finite set of boolean variables (alsand consider a SAT algorithtd running againsyf.
calledpositive literalg and letV™ be the set oheg- A constructs a search tr@éover )V, and typically,
ative literals{-v | v € V}. A literal is an element for each nodeu of T, the u-subtree is somehow
of VUV™. We letbf (V) denote the set of all boolearnresponsible for proving thatube(u) — —f. How-
functions over). ever, pruning techniques exploit information ac-

A cube(resp.clausg is a conjunction (resp. dis-quired previously to visiting tha-subtree to reduce
junction) of literals in which each variable appearnhe obligations of the:-subtree. Thus, this subtree
at most once. The empty cube (resp. clause)iss“given” an obligation¢ and is only required to
identified with the boolean constamt(resp.0). A verify that (cube(u) A ) — —f. In the course of
mintermis a cube in which each variable appeakxploring theu-subtree, A might actually certify
exactly once.Conjunctive Normal Form(CNF) is thaty — —f for somey such that(cube(u) A ¢) —
the standard way to represent boolean formulae foy i.e. it at leastconfirms thatcube(u) A ¢ has no
SAT problems. A formula is in CNF if it is a satisfying assignments, but might actually certify the
conjunction of clauses. unsatisfiability of a greater spage The fact that)

Given a boolean formulaf over V, a SAT- is, in general, “too big” can in turn be used to prune
solving algorithm explores the space of variabia the future. Now, we formally define a search tree
assignments td’, and terminates if it finds an as4n which all nodes are labeled with these obligations
signment that satisfies, or determines that no suchand certifications.

B. Preliminary Definitions



Definition 2 (obligation-certification tree)An Proof: Letu be any node of’, and let7” be
obligation-certification tree (OCT) for boolean the u-subtree ofl’. We prove by induction on the
formula f over variablesY is a triple (7, ¢,v) height of 77 that (1a) and (1b) both hold af. In
where T is a search tree oveY, and ¢ and ¢y the base casd,” is a single leaf node:, in which
are mappings, respectively called tlobligations case (1a) and (1b) hold of by the premise of the
and thecertifications that map the nodes &f to theorem statement.

bf(V), such that for all nodes we have both Now let7” be an OCT with root: and0-child g
and1-child ;. Letting x = var(u), by the inductive
cube(u) — (¢(u) — ¥ (u)) (1a) hypothesis, we have all of:
¥(u) = ~f (1b) . .

Theorem 1:There  exists an  obligation- (cube(u) A =a) — (=6 (uo) V ib(uo))  (38)
certification tree (T, ¢,v) for boolean formula P(ug) — ~f (3b)
f such thatp(root(7")) = 1 iff f is unsatisfiable. (cube(u) A ) — (=¢p(uy) V ¥(uy)) (3c)
Proof:  If f is unsatisfiable, it is trivial D) — ~f (3d)

to construct a suitable OCT, e.g. a single node

u with ¢(u) = ¥(u) = 1. Conversely, since (1b) follows easily from (3b), (3d), and (2c). To see
cube(root(7")) = 1, (1a) implies that)(root(7")) = that (1a) holds, observe that (3a) implies (by using
1, which along with (1b) imply thatf is unsatisfi- (2a) and monotonicity)

able. n

Theorem 1 gives no insight abobbw to con- ECUEeE ; ﬁxi : Eﬁg(b(())v \/1/)\(/ w)()%))
struct the obligations and certifications. The value of — (Cube( ) A ﬁx) - (ﬁd)( )V i( ))uo
Theorem 1 is that any algorithm that constructs, ex- — ;o - _ uo)

plicitly or implicitly, an OCT T with ¢(root(T’)) = = (cube(u) A =z) — (=6 (u) V P(uo) V9 (1))

1, for all unsatisfiable input formulas, is correct. Similarly, (3c) implies (by using (2b))

Theorem 2, below, formalizes the intuition from
Section II-A to suggest #ocalized (in the search (cube(u) A z) — (=0 (u) V ¢(uo) V ¥ (u1))
tree) approach to constructing obligations and cetnd thus combining the two cases gives
tifications. The theorem states that any search tree
satisfying constraints (2a), (2b), and (2c) orand cube(u) — (—d(u) V ¥ (uo) V th(ur))
 is indeed an OCT. Intuitively, (2a) states that the = cube(u) — (—¢(u) V ¢(u)) by (2c)
obligations of thed-child must cover those obliga- (1a)
tions of the parent involving the negative literal, and u
(2b) requires that the obligations of thechild must
cover at least the obligations of the parent involvin _
the positive literal that were not covered by th¥- B-Cubing
certifications of the)-child. (2c) simply states thata We can now present our B-cubing-based SAT-
node certifies exactly the union of the certificatiorsolving algorithm and prove its correctness.
of its two children. Intuitively, for a nonleaf node in the search tree,

Theorem 2:Let T be a search tree ang a a constraintB(u) is constructed while visiting the
formula overV, and let¢ and« be mappings that 0-branch ofu, andB(u) is subsequently used as the
take the nodes df to bf()), such that for all nodes obligations while exploring the-branch. At a leaf
u, if v is a leaf we have (1a) and (1b), otherwisé, of the search tree followed by our algorithm, a
letting u, and u, respectively be thé-child and certification cube(CC) ¢ (¢) is constructed such

1-child of u, we have that cube(¢) — . (¢). For any nonleafu, let
leavesy(u) be the set of descendant leaves under the
(¢(u) A var(u)) — ¢(uo) (28) (-branch ofu. We construcB(u) using some of the
(= (ug) A d(u) Avar(u)) — ¢(u;)  (2b) CCs found inleavesy(u). Note that each C@.(¢)
W(u) < (V(uo) V b(uy)) (2c) that doesn’t contain the literalvar(u) also certifies

the corresponding space under thddranch ofu.
Then(T, ¢,4) is an OCT. Thus, B(u) involves the CCs ireavesy(u) thatdo



contain—var(u), since the disjunction of these overany invocation of SAT-SLVE (that doesn’t exit)
approximates the subspace under tHeranch that is an OCT, the obligation at an invocation is the
cannot be proven unsatisfiable using the CCs fouadtual parametey passed in, and the certification
in e (). is the return value. It is important to note that our
Formally, we have the following: implementationdoes notbuild these certifications
Definition 3 (B-cube):Let v be a nonleaf node in explicitly; they are made explicit in Algorithm 1
a search tree that has leaves labelled with certifida-facilitate the proof of correctness, i.e. the proof
tion cubes, letr,, ..., x; be the list of all variables that the algorithm implicitly builds an OCT (see
found in cube(u), and letz = var(u). Then theB- Theorem 3).
cubeof u is defined

Algorithm 1 An abstract rendition of our SAT-
solver, which utilizes B-cubes to prune the search

B(u) =3xy,..., x5, e tree.
) ' ' weleaves\o{u) where (w) 1: procedure SAT-SOLVE(f, cube, ¢)
Pec(w)——a 2: if Fcube — f then

B(u) is the disjunction of all CCs found under the s exit(SAT)
0-branch ofu that contain—z, with = and also all 4. else if —¢ then

variables above: in the search tree quantified out. s: returnQ)

Note that it is possible tha(u) is the empty dis- 6 else if .. — —f for some cube/.. such
junction, which is, as usual, defined to BeUsing that cube — 7. then

B(u) to reduce the obligations under thiebranch 7. returng)c.)

is a sound pruning technique as long as a certaig: else

subsumption exists in the inherited obligations. o let z be some variable not inube

We abstract optimizations such as learned clauses o := SAT-SOLVE(f, cube A =z, ¢ A\ —x)
and boolean constraint propagation, as well as what: if - [¢],_, — [¢],_, then

is inferred about obligations and construction of2: Yy := SAT-SOLVE(f, cube Az, pAxAB)
CCs, through a mechanism we call deduction 13 else
oracle denoted-. We write - 0, whered is any 1a: Yy := SAT-SOLVE(f, cube A z, ¢ A x)

formula, to indicate that the solver is somehow ablgs: end if
to determine thaf is a tautology (i.e.¢ is logically 16: returngy V 1)
equivalent tol). We require only that satisfy the 17: end if

following two properties: 18: end procedure
Property 1 (Soundness)f + 6, thend is a tau-

tology. _ _ SAT-SOLVE only exits (line 3) if the deduction
Property 2 (Minterm evaluation)For any oracle can determine thatbe satisfiesf. Other-

mintermm and any formulaf, eithert m — f wise, lines 4-7 correspond to leaf nodes, which
or = m — —f must hold. In other words, thereturn some sort of CC. Lines 9-16 are the re-
deduction oracle must at least have the abiligyrsive case. Note that Algorithm 1 adheres to our
to determine if a total assignment (i.e. mintermyimplifying assumption that the-branch is always
satisfies or falsifies. explored first; our implementation is of course more

Algorithm 1 presents the recursive procedurgophisticated and chooses the phase heuristically.
SAT-SoLVE, which takes a formuld, a cubecube, |ine 9 abstracts any decision heuristic. Because of
and an obligatiom, and either returns a certificationProperty 2 of the deduction oracle, if all variables
Y, or exits. The parameteube is the current partial gre present ircube, either line 3 or 7 would have
assignment; the invocation SATOBVE ([, cube, ¢) been reached, hence an unassigned variable will
is responsible for determining if A cube A ¢ is always exists at line 9. Line 11 uses the notation
satisfiable. We will see that the execution trace @f] _ . whereb € {0, 1}, to denotes restricted to

N - .z =0b.Line 11 tests if¢],_, subsume$p] _,. If the
__Note that the B-cube is in genera) not a cube. Supercubing is g¢, 4., ion oracle can ascertain that this implication
instance of our theory in whicB(u) is further over-approximated by
a single cube. holds, the B-cube of the current invocation may be



used to prune when exploring theébranch? On line  We also note that for any node we haveg(w) —
12, B denotesB(u), wherew is the current node of cube(w), since this trivially holds forw = root(7T),
the search tree. and if it holds at a node, then it will hold for any
We obtain a search tre& from the call tree children also, regardless of which of lines 10, 12,
resulting in an invocation SAT-®.VE(f,1,1) by or 14 were invoked for the recursive call. Thus we
labeling each nonleaf call with theselected on line may write¢(ug) — cube(ug). Now, by our inductive
9, and decreeing that thechild (resp.1-child) of a hypothesis, the tree rooted af is an OCT, thus
call is the recursive call of line 10 (resp. whichevetube(uy) — (¢(ug) — 1(ug)) and hence we have
of line 12 or line 14 is reached). (o) — ¥ (ug) (8)
Theorem 3:If the call SAT-SOLVE(f,1,1) does
not result in exit(SAT), then the call treE repre- NOW We show(—¢(uo) Ad(u) Az) — B(u) through
sents an OCTT, ¢, 7). the following logical derivation.
Proof: We show that for each nodeof T, the “p(uo) A ¢(u) Az assumption
u-subtree, along with the restrictions ¢fand to —CA=C'No(u) Nz by (6)
the nodes of the subtree, is an OCT fok cube(u). ~C'ANg(u) Az sincer — ~C
To this end, we show by induction on the height== —C’ A [d)(u;]x:l logical rule

of the u-subtree that: satisfies the conditions of = —C’'A[¢(u)],_, by line 11 condition
Theorem 2. For the base caseijs a leaf and thus = —C' A [¢(uo)],—, SiNCeP(ug) = d(u) A~
corresponds to an invocation in which either lines> —C’ A [¥(uo)],_, by (8)
5 or 7 is reached. In either case, (1b) and (1a) ar& [~C’ A¢(uo)],_, C"independent of:
both easily seen to hold. = [Cl,— by (7)

For the inductive step, supposeis a non-leaf = 3z :C logical rule
with 0-child w, and 1-child uy, and letz — var(u). = 3o1,....ap2: C logical rule
From line 10 we see thai(u,) is preciselyp(u) A = B(u) by (5)

-z, thus (2a) holds. Also, (2c) obviously holds Thus we have(—¢(ug) A ¢(u) A z) — B(u),
thanks to line 16. which, along with (4), yields (2b).

To prove (2b) requires a case split on whether [ |
line 12 or 14 is the invocation af,. For the latter  Corollary 1: The call SAT-®LVE(f,1,1) gives
case, we note(u;) = ¢(u) Az, hence (2b) trivially the result exit(SAT) if and only iff is satisfiable.
holds. Now suppose that line 12 is the invocation Proof: If exit(SAT) occurs, then the condi-
of u;. Then tion of line 2 held for somecube, and thuscube

represents a satisfying subspace forConversely,
¢ur) = ¢(u) Az AB(u) 4) exit(SAT) does not occur, then by Theorem 3,

Let C' be the set of CCs in they-subtree that the call treeT” represents an OCTI’, ¢, ). Since
contain—z, and letC” be the set of those that dg?(root(T)) = 1, by Theorem 1f is unsatisfiable.
not contain—z; in a slight abuse, we will identify =

these sets with the disjunctions of their constituent m

: EFFICIENT IMPLEMENTATION
cubes. We may hence write

We now turn to the problem of implementing an
B(u) = Jxq,...,24,2: C (5) efficient solver based on our B-cubing theory. The
main questions are

wherezy, ...,z is the list of variables ircube(u). . how to represent B-cubes, or approximations
Clearly, because of lines 5, 7, and 16, we have thereof, in a memory-efficient manner
W(ue) = (C V) (6) « how to efficiently perform the operations re-
quired by Algorithm 1 on the representation,
and therefore and
« What other optimizations to integrate into the
(~C" A (ug)) — C () P ?

solver.
“This subsumption is a technical requirement for correctrzfs These queStlonS are_addressed in Sections II-A, 1l1-
B-cube pruning and is employed in the proof of Theorem 3 . B, and IlI-C, respectively



function denoted by a BCT is defined as:

\/ cube({)

?is a leaf of T

B. Operations on BCTs

To understand what operations are needed for
BCTs, we need to revisit Algorithm 1 and see how it
is actually implemented. First, rather than disjoining
certifications and passing them up the search tree
recursively (line 16), BCTs representing partial B-
cubes are created at each decision node in the search
A. Representing and Approximating B-Cubes  tree, and each CC is added (disjoined/unioned) into

the relevant BCTs above it in the tree. (Supercubing

In practice, representing B-cubes precisely rés implemented similarly [21], [22].) So, we need
quires too much time and memory. To solve thi® implement a routine to union a cube into a BCT,
problem, we employ a data structure called Rossibly overapproximating it. We also need a way
boolean constraint treéBCT), based on decisionto intersect obligations passed down the search tree,
trees [27], to overapproximate B-cubes. The BCTEs a BCT, with pruning information derived from the
should be viewed as the saved B-cube informatidcube at a node (i.e. construct a BCT fonz AB
that is used by the deduction oracle to soundly infen line 12 of Algorithm 1), so we need to implement
—¢ (see line 4 of Algorithm 1) and hence pruna routine to intersect BCTs. The subsumption test
further recursive calls. on line 11 can also be implemented using our

Definition 4 (Boolean Constraint TreeA BCT intersection routiné.Finally, we will use a BCT to
is a rooted binary tre@ with the following prop- Prune the search by assigning all of the literals in
erties: the stem of a BCT and passing the rest of the BCT

recursively down the search tree. Intuitively, the
1) all non-leavesr are labelled with a variable BCT can be thought of as a blueprint of the search

Fig. 2. BCT example

of V, space that needs to be explored. Longer stems mean
2) leaf nodes are labelled with the terminatiomore pruning, sooner, so longer stems are good for
symbol X, efficiency. Hence, we need a routine to try to move

3) each non-leaf node has at most two outgoirigerals into the stem whenever possible. Let us now
edges, at most one of which is marked(as consider these operations one by one.
and at most one of which is marked Bsand Branch BCT nodes do not prune any search
4) on any path of/" from the root to a leaf, eachspace, thus our BCT construction algorithm is care-
variable appears at most once. fully designed to maximize the number of literal

Fig. 2 gives an example of a BCT-edges are Nodes in every branch and suppress branch nodes

represented with dotted lines. We call a node wiffoser to leaves. To formalize this property, we
exactly two children dranching nodewhile a node definenormalizedBCTs. _

with exactly one child is called #teral node We  Definition 5 (Normalized BCT)A BCT T is a
identify a literal node with its variable if it has thecalled anormalizedBCT if, given any branching
1-edge, or with its variable negated if it has tire Noden of T, the stems of the two sub-BCTs rooted
edge. Astemof a BCT is a maximal list of literal & 0- and 1-child of » do not have any common
nodes starting at the root node. literals.

A BCT T defines a Boolean function as follows A norma!ized BCT can t_)e obtained from the
For any leaf¢ of T, we definecube(() to be same non-normalized one by deleting the common literals

as thecube function on nodes of search tree, i.ef.rom adjacent branches and percolating them above

cube(¢) is the conjunction of literals found on the sy _ y can pe determined by computing A ¥ and checking
unique path from the root t6. Then the Boolean if the result is equal toX.



their common branching node. Our normalizatiofflgorithm 2 BCT Union

algorithm performs the task in time linear in the 1: function UNION(T',+, B, E, M)

size of the BCT by simple in-order traversal and:
some book-keeping. Due to its simplicity, the nor-3:
malization algorithm is omitted. 4:

The implementation of BCT construction, inter- 5
section, and subsumption checking consists of seW¥
eral mutually recursive functions. We now present’:
abstracted and simplified versions of these algo#:
rithms. o:

Lettersn, m denote nodes of a BCT, while k,1 10
represent literals. Given a branch nodesuch that %
var(n) = [, its children will be denoted as child (1) 1%
andn.child (1), while the fields containing pointers 13:
to those nodes will be written as.l and n.. #
Several helper functions are used for more compatt
representation: 16:

Lit(n) — Returns the set of literals that thei;;
node represents. For a literal node
Lit (n) =1 (or Lit (n) = I), while for a
branch nodelit (n) = {l, [} )
Delnd (n)— Deletes a node from the BCT and,
updates all pointers accordingly. 23
Enlist (S)— Returns a list of literal nodes labelled, .
with literals from the sefS. 25
Mknd (k) — Creates a new node labelled with,,
literal &. 27-

Algorithm 2 computes an overapproximation obs:
the union (disjunction) of a new CC and a BCT2o:
(representing an overapproximation of the uniogo:
of the previously seen CCs). We then normalizes:

1:
2:

n = root(7T)
while n # null An # X do
if 31 |1 € Lit(n) Al € 1 then
M = M U{l}
else if 3l | [ € Lit (n) Al € ¢ then
M =M uU{l}
B:=BU{l}
Delnd (n)
else ifn is a branch nodéhen
n.l ;== UNION (n.child (1) ,4, B', E', M")
n.l := UNION (n.child (Z) U, B, F, M)
if n.child (1) = n.child (Z) = X then
Delnd (n)
end if
return 7'
else
E:=FEU{l}
Delnd (n)
end if
n = n.child (1)
end while
if n = null then
T := Enlist (¢)
else if |[B| > 0 A p # null then
n = Mknd (k) | k € B
B := B\k
n.k = Enlist(BUE)
n.k := Enlist ({h | h € B} Uy\M)
end if
return T

the resulting BCT. The union algorithm takes fives2: end function

parameters: a BCT', a set of literals found in the
new CC, and three sets for temporary storage

that are initially empty. Literals labeling nodes fronanly the branch that is compatible withis taken. If
T are copied to one of those three sets duringe literal labeling a literal node directly conflicts
the traversal. Candidates for new branch nodes avigh ¢ (line 6),n is deleted fronil” and the literal is

stored in B, nodes labelled with literals that areadded toB as it can be used as a new branch node

conflicting with the new certificate are deleted frorn place of one of the nodes frokeaves(n). Branch

T and the literals are stored in the set of eliminatetbdes essentially do not prune any search space,

literals E. Finally, the literals present in the newand therefore can’t conflict with). In that case
certificate are copied in the set of matching literalsoth paths are followed (line 10). If both children
M. A deep copy of a sek is written asX’.

of a branch node are leaf nodes, such a branch is

The mainwhi | e loop (lines 3-22) finds a pathredundant and can be eliminated. Finally, a literal

(or paths) inl" that are compatible witky. There are noden such thavar(n) ¢ ¥ A—var(n) € v (line 17)

several cases to consider. If the literal on the pabihunes the search space, but this pruning cannot be
is present iy (line 4), the node is skipped ovejustified with the new certificate. Hence, such a node

and the literal is added td/. Notice that ifn is a is actually in conflict withy) and the corresponding
branch node such thatvar(n) € ¢ V var(n) € ¥, node has to be eliminated.



The postcondition of thehi | e loop is that all Algorithm 3 BCT intersection

the literals labeling the nodes on the path starting at: function INTERSECTT}, T3, M)

the root and ending at a leafare compatible with 2
. More formally ¢» = cuber(n), for a BCTT'. 3

A null node can be found only when the firgt 4
is added. Since only determines the search spaces:
that needs to be explored; is initialized to a list &:
of nodes labelled with literals from. Alternatively, 7:
if a leaf noden is reached, there are three possibles:

assumeroot(77) # null A root(Ty) # null
n := root(7})
if n =X then

assume both 7T} and7; are normalized
return APPEND(T5, M)

else

for each!l € Lit (n) do

cases: 9: M = M U{l}
1) All literals from +» were matched on the path210: n.l := INTERSECT(n.child (1), Ty, M)
from root(7") to n. 11: M = M\l
2) Some literals fromy) were matched on the 12: end for
path andB = (. 13 end if
3) Some literals from) were matched and3| > 14 retun n
0 15: end function

In the first casel needs not to be modified, 16:

in the second it would be incorrect to append?: function APPENI(T, M)

unmatched literals from) to 7', and in the third 18 7 := root(T)

a new branch is created (lines 26-29). Literals fror®:  if n # X then

B,E,{h| h € B}, andy)\ M are partitioned in two 20: m = Mknd (1) | I € Lit (n)

lists, representing the nodes that are and are ridt for eachi € Lit (n) do

compatible withy). The newly created branch node22: if 1 € M then

points to those two lists, intuitively representingg3: m.l := null

the case split in the search space according 2 else ifl € M then

certificates seen so far. 25: return APPEND(n.child (1) , M)
We now consider the algorithm for BCT inter-26: else

section and subsumption. Subsumption is checkéd m.l := APPEND(n.child (1) , M)

by computing the intersection of two BCTs ands: end if

checking that the result is equal to one of then®e: end for

Algorithm 3 outlines the intersection routine. In-30: if m.l =m.l = null then
tuitively, the intersection of two BCTg} and7, 3 m = null

can be computed by replacing all the leaves ¢&: end if

T, with a fresh copy of7;, eliminating all the 33: return m

conflicting branches, and normalizing the resultings:  end if

BCT. Algorithm 3 performs the first two steps and5:  return n

closely corresponds to our implementation. Out gi6: end function

those three steps, only the second one is somewhat

more involved and requires a closer look. When line . . .

21 is reached, the satf will contain all the literals P2t Of postprocessing and is not shown in the code
seen on the path from root(T}) to some leaf. BCT 9IVen above.

T, is traversed in-order. As soon as a conflict is _ ) o
found the entire branch is cut off (line 23). Liné>- Integrating B-Cubing and Other Optimizations
25 skips over the nodes that exist on the path Beyond B-cubing, our implemented solver has
Finally, line 27 creates a fresh copy of the nodgeveral characteristics that distinguish it from other
that is compatible withr. Nodes with with no leaf contemporary solvers. First, it is based on a different
descendants appear when there is a conflict in bdidcktracking mechanism, as is used to integrate
branches. Such nodes are recursively deleted (Isigercubing and learning [23]. Second, the learned
30). Occasionally, nodes frori; also need to be clauses are aggressively deleted in incrementally
recursively deleted for the same reason. This isircreasing, but bounded, periods. The clauses to be




TABLE |

deleted are chosen according to their length and
CUMULATIVE RUNTIMES.

participation in the conflicts. Longer clauses that

have participated less frequently in the conflicts are [ Benchmark Set [ ZChaff I | HyperSAT ]
more likely to get deleted. Third, our solver features [ PicoJavd” BMC (76) | 9868 (2) [ 13635 (2)
extensive equivalence preprocessing, similar to the '(:B'\';"UBQ",\ACC(@) 585782 ggé
March solver [18], [17], [28]. For learning, our Int Fact (29) 54470 (10)| 11723
solver adds one learned clause that corresponds [Csp (0) 107263 (29)| 88990 (21)
to the 1-UIP cut [12] per conflict to the clause Goldberg BMC (10) 1602 4599 (1)
; ; FPGA routing (32) 3803 (1) 715
database. The solver is not random!zed and does Eq. chieck (16) 30701 ) 512 (D)
not do restarts. We believe that adding those two Randner (28) 74978 (19)| 66501 (16)

features would increase its robustness.
Given the proof of correctness for the abstract

algorithm, it is easy to prove the algorithm in OUfead twon-bit prime numbers and generate the
implementation correct. All of the details of learningit produc?. The fifth set consists of SAT encodings
and Boolean constraint propagation are handled y# constraint satisfaction Problems (C&P)The
the deduction oracle. As long as the optimizatioRgxt four sets were submitted to SAT competitions
are sound (correct propagation of constraints ag¢ Fugene Goldberg and represent BMC, FPGA
correct learning), the proof from the preceding segyyting, equivalence checking, and randomly gen-

tion still holds. erated miter circuit instanc¥s
Table | shows cumulative runtimes for each
I\V. EXPERIMENTAL RESULTS benchmark set. Runtimes are in seconds. The num-

bers in parentheses are numbers of problem in-

The data presented here are for the most recgfinces: in the first column, this is the total number
version of our solver HyperSAT against the most ref instances in the set; in the other columns, this
cent version of ZChaif Il (version 2004.5.13, whichs the number of instances that exceeded the 1
is noticeably faster than earlier versions). ZChaffour timeout. Figure 3 gives scatter plots showing
Il is one of the best solvers publicly availablegomparative performance on each problem instance.
and is based on the standard approach to stgi@-experiments were on a 3.2 GHz Pentium 4 with
space pruning (conflict-directed backtracking angyp L2 cache and 1GB RAM.
learning). It has been highly tuned and optimized Clearly, HyperSAT is competitive with the lat-
over several years of development. HyperSAT is leg§t zchaff 11, with each solver drastically outper-
mature, although we have tried to optimize it anghyming the other on some problems. The strong
have benefitted from many techniques in the SAkarformance on the CSP benchmarks is particularly
solving literature, as described in section llI-C.  sromising, as intelligent simulation testcase genera-

As test cases, we have chosen nine sets of Sfidn relies heavily on constraint solving. HyperSAT
benchmarks that reflect the types of SAT instancggso reports fewer timeouts overall. In general, it is
that arise in EDA applications. The PicoJ&Vain-  yajuable to have different approaches with different
stances result from bounded model checking (BMGjrengths: what really matters is solving more prob-
of Sun’s PicoJava " microprocessér The second jem instances, not just solving the already-solvable
set (IBM BMC) is the encoding of BMC of indus-jnstances faster.
trial hardware desigris The third set contains the As a more detailed analysis of the effectiveness
well-known barrel, longmult, and queueinvar BMGys B-cubing in pruning the search space, we ana-
benchmarks from CMEI Integer factorization is the|yzed the number of decisions made by our solver

encoding of array and Wallace tree multipliers th%’sing B-cubing versus using supercubing. (Table I1)

These types of comparisons are difficult to interpret,

6 . _ i . . .
http://www-cad.eecs.berkeley.edienmcmil/satbench.html because minor, irrelevant differences between two

"http://www.intellektik.informatik.tu-

darmstadt.de/SATLIB/Benchmarks/
SAT/BMC/description.html ®http://www.eecs.umich.edwfaloul/benchmarks.html

8http://www-2.cs.cmu.eds/modelcheck/bmc/bme- Ohttp://mwww.nlsde.buaa.edu.enkexu/benchmarks/benchmarks.htm
benchmarks.html Uhttp://www.satcompetition.org/2002/submittedbenistral
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Fig. 3. Scatter Plots. Each problem instance plots as a.@gath axis is the runtime of the labeled SAT solver. Timeauis plotted at
3600 seconds.

solvers can cause the various heuristics to yieio make!?
radically different results. For two very different
solvers, the results would likely be meaningless, V. CoNCLUSIONS AND FUTURE WORK

hence our comparison of our solver to itself, USiNg \ye haye presented a broad theoretical framework

two kdlfferent pruning hgurlsltlcsh For _each bencl'f(-)r understanding pruning in SAT solvers, as well as
mark set, we compared only those instances HEH instance of our theory, in the form of B-cubing.

were successfu_lly _solved_ by both versions of o sing this theory, we can more simply understand
solver_ (number indicated in pgrenthese;). A.‘S can O prove the correctness of our SAT-solving algo-
seen in the results, the additional pruning informas

! . . : 2 thm. We have implemented an efficient B-cubing-
tion retained and exploited by B-cubing significantly ve imp “! tbing

reduced the number of decisions the solver neededgiven that supercubing is simply a less accurate special chs
B-cubing, a natural question is how it can be possible foestybing
to beat B-cubing on one benchmark set. The answer is thaglat sli
difference in pruning can result in different decisionsnigemade
later by the decision heuristic, which can easily generateraous
differences in the total number of decisions.



TABLE I
AVERAGE NUMBER OF DECISIONS FOR SOLVED BENCHMARKS

(4]

Benchmark Set

| Supercubing] B-cubing ]

PicoJavd" BMC (74) 28911.5 28397.2 5]
IBM BMC (13) 500554 | 5772.77
CMU BMC (34) 32575.1 | 24564.3
Int Fact (28) 258992 193235
CSP (15) 151210 133026 6]
Goldberg BMC (9) 268962 135823
FPGA routing (32) 434725 | 22655.1 7]
Eq. check (16) 925001 619299
Randnet (22) 375306 267074

(8]

based solver, and experimental results show that our
solver is competitive with one of the best currentg]
solvers, and often outperforms it, on a wide range
of benchmarks.

Given the generality of our theory, considerablgg;
future work is possible in exploring other prun-
ing techniques permitted by the theory. Obvioys

. . . . 111]
directions are better deduction oracles, explorlrllg
more general techniques in the gap between The-
orem 2 and B-cubing, and finding more efficierit2]
ways to implement approximations of B-cubing. For
example, HyperSAT currently uses the last cut in
the implication graph, which contains only decif3]
sions, to construct certification cubes. Conversely,
1-UIP learning [12] makes the cut very close tg,
the conflict. There’s a whole range of possible cuts
in between those two extremes. In general, the
challenge is to find how to exploit the abundance
of information that can be learned from the corjss)
flicts efficiently. Having a theoretical framework that
allows correctly combining techniques that store
global information (e.g., conflict-driven learning)y¢
via the deduction oracle, and techniques that implic-
itly store the context (e.g., supercubing, B-cubingl};’]
via obligation-certification trees, provides a sound
foundation to build on.

[18]
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